Similarly to minimal surfaces in Riemannian manifolds, spacelike surfaces in Lorentzian manifolds with zero mean curvature are also characterized as critical points for the area functional. However, the stability aspects of the variational problems for these two kinds of surfaces are completely different. In this paper we study the stability of spacelike surfaces with zero mean curvature in the four-dimensional de Sitter space S 4 1 .
Introduction
As is well known, spacelike surfaces in Lorentzian manifolds with zero mean curvature arise naturally as critical points of the area functional. Although such a variational characterization is similar to the corresponding characterization of minimal surfaces in Riemannian manifolds, when one looks at the second variational problem, the situation is completely different. When the dimension of the Lorentzian ambient space is three, these surfaces are called maximal surfaces since locally they maximize the area functional among all nearby surfaces having the same boundary values. However, neither the terms maximal nor minimal is appropriate to describe these surfaces in the higher codimensional case, because they are neither local maxima nor local minima, even when the supports of the variations are taken to be arbitrarily small. This, as observed by Alias and Palmer in [1] , makes it difficult to describe such surfaces using a variational approach. For example, both maximal surfaces in the 3-dimensional Minkowski space R 3 1 and minimal surfaces in the 3-dimensional Euclidean space R 3 are neither maximal nor minimal when viewed as spacelike surfaces in the 4-dimensional Minkowski space R 4 1 with zero mean curvature. For this reason, a spacelike surface of higher codimension in a Lorentzian manifold M n 1 with zero mean curvature is generally called a stationary surface.
For stationary surfaces in Lorentzian manifolds, there is no general definition for stability, due to the fact that the normal bundle is Lorentzian and the sign of the second variation of area depends on the causal character of the variational vector field. However, Alias and Palmer [1] introduced the concept of mean isotropic stability and showed that under fairly weak conditions on the ambient space, stationary surfaces are locally mean isotropically stable in 1997.
A spacelike surface M 2 immersed into M n 1 is said to be with isotropic mean curvature if its mean curvature vector H is isotropic (null), that is, H, H ≡ 0. Spacelike surfaces with isotropic mean curvature play important roles in several diverse contexts. For example, they are called marginally-trapped surfaces in relativity theory and are used to study spacetime singularities (see [7] ). Moreover, they are important in conformal geometry since the conformal Gauss maps of certain Willmore surfaces turn out to be surfaces with isotropic mean curvature.
Alias and Palmer [3] studied the stability of stationary surfaces in the 4-dimensional flat Lorentzian manifolds and obtained the following theorem: On the other hand, it was shown by Palmer in [9] that there are compact stationary tori in the 4-dimensional de Sitter space S 4 1 which are not mean isotropically stable. Moreover, he also gave a sufficient condition for the instability of some stationary surfaces which are the images of conformal Gauss maps of non-isothermic Willmore surfaces without umbilical points. These motivate our interest in the stability of stationary surfaces in the de Sitter 4-space S 4 1 . Let R 5 1 be the 5-dimensional Minkowski space and M 3 be a totally geodesic hypersurface in S 4 1 . Then every spacelike surface ψ : M 2 → M 3 with zero mean curvature can be taken as a stationary surface in S 4 1 . Such surfaces play a crucial role in the classification of minimal hypersurfaces in the hyperbolic spaces H 4 with vanishing GaussKronecker curvature (see [6] ). In this paper we are to investigate the stability aspect of these stationary surfaces. Being totally geodesic in S 4 1 , M 3 must sit in the intersection of S 4 1 with some hyperplane of R 5 1 through the origin, namely, there must be a constant vector a ∈ R 5 1 such that a, x = 0 for all x ∈ M 3 . Denote by N 3 , N 3 1 and N 3 0 the three special cases of M 3 when the corresponding constant vector a is timelike, spacelike and null, respectively.
Let ψ : M 2 → M 3 be an oriented stationary surface, which defines naturally an oriented stationary surface ψ : M 2 → S 4 1 . Denote by spec( ) the spectrum of the Laplacian of the induced metric and by K the Gaussian curvature of ψ . In Section 3 of the present paper, we are to prove the following theorems:
1 is mean isotropically stable. 
Preliminaries
Let R n+1 1 be the (n + 1)-dimensional Minkowski space, namely, the real vector space R n+1 endowed with the Lorentzian metric tensor ·, · given by
where v = (v 1 , . . . , v n+1 ), w = (w 1 , . . . , w n+1 ) ∈ R n+1 . Let S n 1 be the n-dimensional unitary de Sitter space, that is, 
where ∇ is the Levi-Civita connection of the induced metric by ψ. Define an endomorphism B :
and put
where R is the curvature tensor of M n 1 . Then the Jacobi operator
is given by
and the second area variational formula of ψ can be written as
where dA denotes the area element with respect to the induced metric by ψ. The following well-known theorem is used in this paper to show the correctness of Corollary 1.4; see [5] . 
Proof of main results
In this section, we are to prove the main results of this article, namely, Theorems 1.1, 1.2 and 1.3 in the introduction. Let a be a suitably chosen vector such that a, M 3 
1 , then a can be chosen to be a unit vector.
Proof of Theorem 1.1. Let a be a unit timelike vector such that a, N 3 = 0 and v be a unit normal to M 2 in N 3 . Observe that
is a global null framing of the normal bundle. For any mean isotropic variation {ψ t , t ∈ (−ε, ε)} of ψ, let ξ = (∂ t (ψ t ) t=0 ) ⊥ denote the normal part of the variation vector field. Then for each t ∈ (−ε, ε), we have H t , H t ≡ 0. Since H 0 ≡ 0, this implies that either
holds at each point of M 2 . From the first and second variation formula, it is easy to deduce that (∂ t (H t 
Thus equalities in (8) are equivalent to
Since stationary surfaces in S 4 1 are real analytic, at least one of the two equalities in (9) must hold globally. If ξ is expressed as ξ = f 1 ξ 1 + f 2 ξ 2 , where f 1 , f 2 are smooth functions on M 2 , then a calculation using D e i a = 0 and D e i v = −A v e i for i = 1, 2, where A v stands for the second fundamental form with respect to v, gives
Without loss of generality, we now suppose J (ξ), ξ 1 ≡ 0, that is,
where the third equality is due to (10) 
Thenf (α) are the Fourier coefficients of f . By (10),
holds on the points where K = 1 in M 2 . Using (11), the Green formula and Proposition 2.3, we have Proof of Theorem 1.2. Now a is a unit spacelike vector and N 3 1 is isometric to S 3 1 . Due to the fact that complete maximal hypersurfaces in S n 1 are totally geodesic (see [8] ), we can easily verify that δ 2 ξ Area(ψ) ≡ 0 in a similar way in proving Theorem 1.1. Therefore ψ is mean isotropically stable. 2
Proof of Theorem 1.3. This is the most interesting case since the constant vector a now is a null vector, and in this case we can not easily find a global framing for the normal bundle as we did in the proofs of Theorems 1.1 and 1.2. Therefore, to prove Theorem 1.3, it is necessary to find another global normal vector field other than a.
Let w be an arbitrarily fixed unit timelike vector of R 
